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We show that a topological pump in a one-dimensional (1D) insulator can induce a strictly
quantized transport in an auxiliary chain of non-interacting fermions weakly coupled to the first.
The transported charge is determined by an integer topological invariant of the ficticious Hamiltonian
of the insulator, given by the covariance matrix of single-particle correlations. If the original system
consists of non-interacting fermions, this number is identical to the TKNN (Thouless, Kohmoto,
Nightinghale, den Nijs) invariant of the original system and thus the coupling induces a transfer of
topology to the auxiliary chain. When extended to particles with interactions, for which the TKNN
number does not exist, the transported charge in the auxiliary chain defines a topological invariant
for the interacting system. In certain cases this invariant agrees with the many-body generalization
of the TKNN number introduced by Niu, Thouless, and Wu (NTW). We illustrate the topology
transfer to the auxiliary system for the Rice-Mele model of non-interacting fermions at half filling
and the extended superlattice Bose-Hubbard model at quarter filling. In the latter case the induced
charge pump is fractional.
I. INTRODUCTION
Topological states of matter [1–3] have fascinated
physicists for a long time as they can give rise to inter-
esting phenomena such as protected edge states and edge
currents, quantized bulk transport in insulating states
and exotic elementary excitations [4–8]. Free fermion
systems with topological band structure are very well
understood by now and a full classification can be given
in terms of generalized symmetries of the single-particle
Hamiltonian [9–11]. An important sub-class of these sys-
tems are Chern insulators, such as the Harper-Hofstadter
model, where time-reversal symmetry is broken. A hall-
mark feature of them in the case of two spatial dimen-
sions is the quantized Hall conductivity. A related phe-
nomenon in one-dimensional systems is the quantized
bulk transport upon adiabatic cyclic variations of sys-
tem parameters [12]. Both are strictly quantized in the
thermodynamic limit and at zero temperature and are re-
lated to a topological invariant. In the last decade there
has been a growing interest in the field of interacting
topological insulators and a number of topological states
have been discovered that exist only because of interac-
tions. Prime examples are fractional quantum Hall states
[7, 8] and their generalizations or the Haldane state in
antiferromagnetic spin-1 chains [13]. While being incom-
pressible like their non-interacting counterparts, interact-
ing topological states are fundamentally different and are
characterized by degeneracies and fractional topological
charges. One of the challenges in the field of interacting
topological insulators is to find suitable and measurable
invariants to distinguish between topological phases.
In the present paper we show that topological prop-
erties encoded in the covariance matrix of a one-
dimensional lattice system can be transferred to a sec-
ond one-dimensional chain of non-interacting fermions
giving rise to a quantized transport in the latter upon
cyclic adiabatic variations of parameters of the original
system. We argue that the covariance matrix of single-
particle correlations can be used to define directly mea-
surable topological invariants of one-dimensional lattice
models, with and without interactions and also at finite
temperatures. In the absence of interactions all equilib-
rium properties, including topological ones, are encoded
in single-particle correlations. Interestingly, the latter
extends to finite temperatures, as it was shown in [14]
that topological properties of the covariance matrix in a
thermal state are identical to that of the ground state.
We will show that for non-interacting fermions in an
insulating ground state, the transported charge in the
auxiliary chain is just given by the TKNN (Thouless,
Kohmoto, Nightinghale and den Nijs) topological in-
variant [5]. In the case of an interacting system, the
quantized transport of auxiliary particles still defines a
topological number, which is fully determined by the
Zak phase of the single-particle covariance matrix of the
original system. In many cases it is identical to the
many-body generalization of the TKNN invariant by Niu,
Thouless and Wu (NTW number) [15, 16], but a general
relation cannot be derived.
The idea to relate topological properties of interacting
systems to single-particle quantities is not new. Build-
ing on early work by Volovik et al. [17], it has been
suggested by Wang, Qi, and Zhang [18–20], and Gurarie
and coworkers [21, 22] to construct simplified topological
invariants of interacting systems using the single-particle
Green’s function. As is true for the ficticious Hamilto-
nian discussed in the present paper, the Green’s function
at zero frequency is simply related to the single-particle
Hamiltonian in the case of non-interacting fermions. Also
all generalized symmetries of the Hamiltonian are inher-
ited by the Green’s function in this case.
Our paper is organized as follows. In Sec. II we discuss
the topological equivalence between the single-particle
Hamiltonian of free fermion systems and the covariance
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2matrix in a gapped many-body ground state or in a finite-
temperature state. In Sec. III we show that the topolog-
ical properties of an auxiliary chain of fermions weakly
coupled to the original system are controlled by an ef-
fective single-particle Hamiltonian, which is determined
by the covariance matrix of the original system. Thus
topological effects, such as quantized bulk transport, can
be induced in the auxiliary chain. We illustrate our find-
ings for a simple one-dimensional topological model, the
Rice-Mele model (RMM) at half filling. The coupling
scheme suggested in Sec. III is diagonal in momentum
space and therefore difficult to implement. Therefore we
discuss in Sec. IV an approximate implementation us-
ing quasi-local couplings only. In Sec. V we extend the
discussion to insulating ground states of interacting one-
dimensional systems, including the case of degeneracy.
As a specific example we consider the extended superlat-
tice Bose-Hubbard model with strong nearest and next-
nearest neighbor interactions of bosons. This model has
two degenerate Mott-insulating ground states at quar-
ter filling associated with a fractional topological charge.
Finally making use of the simple relation between the
covariance matrices of a non-interacting fermion system
at finite and at zero temperature, we give an outlook
to measurements of finite-temperature topological invari-
ants [14, 23, 24].
II. FREE FERMIONS: TOPOLOGICAL
EQUIVALENCE OF HAMILTONIAN AND
EQUILIBRIUM COVARIANCE MATRIX
A. Model and equilibrium covariance matrix
Let us first consider gapped ground states of non-
interacting fermions on a lattice with particle number
conservation. We consider a one-dimensional lattice with
lattice constant a = 1 and L unit cells as well as set ~ = 1
throughout this work. The operators cˆµ,j , cˆ
†
µ,j describe
the annihilation and creation of a fermion in the jth unit
cell and with the index µ ∈ {1, . . . , p} denoting the in-
ternal degree of freedom within a unit cell. Assuming
translational invariance for simplicity, the Hamiltonian
can be written in second quantization in the form
Hs =
∑
k
p∑
µ,ν=1
cˆ†µ(k) hµν(k) cˆν(k). (1)
Some remarks about disordered systems will be made
later. We consider a grand canonical setting with chem-
ical potential µ which fixes the total particle number in
the system. We assume that Hs has multiple bands and
consider an insulator, i.e assume that µ is chosen within
a band gap of Hs. Topological properties of lattice mod-
els are characterized by integer-valued invariants, which
in many cases are based on geometric phases, such as the
Zak phase [1], which is the geometric phase picked up
by a Bloch state |un(k)〉 in a specific band n upon mov-
ing through the Brillouin zone. In the thermodynamic
limit, where the lattice momentum becomes continuous
it reads:
φ
(n)
Zak = i
∫
BZ
dk
〈
un(k)
∣∣∂kun(k)〉. (2)
One-dimensional lattice models can possess non-trivial
topological properties only when protected by certain
symmetries. A well-known example is the Su-Shrieffer-
Heeger(SSH) model [25], where chiral symmetry enforces
topology. The latter is characterized by a quantized value
of the Zak phase [1], which allows one to distinguish be-
tween two topologically different phases. These phase can
only be connected by going through a phase-transition or
breaking the symmetry. As suggested by Rice and Mele
[26] adding an appropriate symmetry breaking term al-
lows one to smoothly connect the phases avoiding the
critical point. Adiabatic cyclic variations of the Hamil-
tonian parameters enclosing the critical point lead to a
nontrivial winding of the Zak phase, which defines a topo-
logical invariant
νs =
i
2pi
∫ τ
0
dt
∫
BZ
dk
〈
un(k)
∣∣∂kun(k)〉. (3)
In two-dimensional systems with lattice momenta kx and
ky, one of the two momenta can take over the role of t.
We now argue that the topological properties of the
systems, determined by the single-particle Hamiltonian
h(k) are also encoded in the covariance matrix of normal-
ordered, single-particle correlations in a gapped many-
body ground state:
mµν(k) = 〈cˆ†µ(k)cˆν(k)〉. (4)
The ground state of a system of free fermions on a lattice
is a Gaussian state
ρ =
1
Z
exp
{
−
∑
k
cˆ†(k) g(k) cˆ(k)
}
(5)
which is fully determined by a p × p Hermitian ma-
trix g(k), and we have used the abbreviation cˆ(k) =(
cˆ1(k), . . . , cˆp(k)
)
. The covariance matrix of such a state
is directly related to g by [23]
mµν(k) =
1
2
[
1− tanh
(
g(k)
2
)]
µ,ν
. (6)
One notices that eq.(5) has the form of a Gibbs state
and indeed an equilibrium state of Hs at finite β =
1/(kBT ) is also a Gaussian state with
g(k) = β
(
h(k)− µ
)
. (7)
The ground state is obtained in the limit β → ∞.
Most importantly all (single-particle) eigenstates |n(k)〉
of h(k) are also eigenstates of g(k) and thus of the co-
variance matrix m(k).
3B. Ficticious Hamiltonian
Let us now consider a free-fermion lattice system with
ficticious Hamiltonian [23]
Hfict = η
∑
k
p∑
µ,ν=1
aˆ†µ(k)mµν(k) aˆν(k) (8)
where aˆµ(k) and aˆ
†
µ(k) are fermion annihilation and cre-
ation operators in momentum space and m(k) is the
single-particle covariance matrix, eq.(6).
If m(k) corresponds to a gapped ground state of
a fermion lattice model, the ficticious Hamiltonian
hfict(k) = ηm(k) is also gapped. In an insulating non-
degenerate ground state of the original system, the ficti-
cious Hamiltonian hfict(k) has a flat spectrum
fictn (k) =
{
0 if n(k) > µ
η if n(k) < µ
. (9)
with only two energy ”bands”. Note that for positive
values of η the spectrum of the ficticious single-particle
Hamiltonian is reversed with respect to that of h(k).
Depending on the sign of η, the gapped many-body
ground state of the ficticious Hamiltonian thus contains
all single-particle eigenstates with energies n(k) either
above (for η > 0) or below (for η < 0) the chemical poten-
tial µ. In particular if η > 0 and the original Hamiltonian
has d bands with energy n(k) < µ, hfict(k) has a p− d-
fold degenerate ground state for every lattice momentum
k with energy fictn (k) = 0 and a d-fold degenerate excited
state with energy fictn (k) = η. If η < 0 the situation is
reversed.
We now argue that the ficticious system inherits the
topological properties of the original one. In particular
if we adiabatically vary the parameters of the system
Hamiltonian Hs(t) in a closed loop in time from t = 0 to
t = τ , such thatHs(t) = Hs(t+τ) and the initial and final
states of the original system are the same apart from a
phase, also the ground state of the ficticious system will
return to itself. Since the single-particle eigenstates of
the ficticious Hamiltonian are identical to those of the
system Hamiltonian, the Wilson loop [27] of the d-fold
(η < 0) degenerate ground-state manifold of Hfict
νfict =
1
2pi
∫ τ
0
dt Im log detW =
1
2pi
∫ τ
0
dt Im Tr logW,(10)
with the d× d matrix
Wnm = exp
{
i
∫
BZ
dk
〈
un(k)
∣∣∂kum(k)〉}, (11)
which is identical to the winding of the total Zak phase
of all occupied bands (for η < 0)
νs =
i
2pi
∫ τ
0
dt
∑
n;occup.
∫
BZ
dk
〈
un(k)
∣∣∂kun(k)〉. (12)
For η > 0 it corresponds to the winding number of all
unoccupied bands ν˜s = −νs of the original system. Here
the |un(k)〉 are the Bloch states of the original Hamilto-
nian (1), with 〈r|n(k)〉 = eik·r〈r|un(k)〉, which are also
eigenstates of the ficticious Hamiltonian (8). That the
two Hamiltonians H and Hfict have the same topolog-
ical properties in their corresponding insulating ground
states is no surprise as one recognizes from eqs.(6) and
(7) that h(k) can be smoothly deformed into m(k) with-
out closing the many-body gap and thus they are both
topologically equivalent.
III. TOPOLOGY TRANSFER FROM A
FREE-FERMION SYSTEM TO AN AUXILIARY
SYSTEM
We now want to show that the ficticous Hamiltonian
of a 1D system can be physically realized by a weak cou-
pling to an auxiliary chain of otherwise non-interacting
fermions. In this way topological properties are trans-
ferred from one system to a second, auxiliary one. This
”topology transfer” manifests itself e.g. in a quantized
charge transport in the auxiliary system upon periodic
adiabatic modulations of the original Hamiltonian.
In this section we consider as the ”system” non-
interacting fermions in a gapped many-body ground
state, which is non-degenerate. The generalization to
interacting fermions, which also includes the possibility
of degeneracies, will be discussed in a subsequent section.
FIG. 1. Sketch of topology transfer scheme: The original
chain of free or interacting fermions (top) is weakly coupled
to an auxiliary system of non-interacting fermions (bottom).
The coupling is diagonal in momentum space and conserves
the particle numbers in both chains.
A. Model
To be specific we consider two one-dimensional chains
of fermions weakly coupled to each other as indicated
in Fig.1. The system, represented by the top chain, is
described by a free-fermion Hamiltonian Hs with anni-
hilation and creation operators cˆµ(k) and cˆ
†
µ(k), where
k is the lattice momentum and µ labels the degrees of
freedom within a unit cell. It is weakly coupled to an
”auxiliary” system of otherwise non-interacting fermions
4with respective annihilation and creation operators aˆµ(k)
and aˆ†µ(k) according to
H = Hs +Hη, (13)
Hη = η
∑
k
p∑
µ,ν=1
cˆ†µ(k)cˆν(k)aˆ
†
µ(k)aˆν(k). (14)
Here we have assumed a unit cell of p sites. The number
of fermions in both chains is individually conserved and
we assume that it is chosen such that the combined sys-
tem has an insulating many-body ground state |Φ0〉. If
|η| is small compared to the gap of Hs, then the original
system is only little affected by the coupling and is ap-
proximately described by its ground state |Φs0〉, which is
also insulating.
For the following discussion it useful to rewrite the
total Hamiltonian in the form
H = H0 +H1 (15)
where
H0 = Hs + η
∑
k
p∑
µ,ν=1
〈
cˆ†µ(k)cˆν(k)
〉
aˆ†µ(k)aˆν(k) (16)
contains the system Hamiltonian and the mean-field in-
teraction Hamiltonian, where mµν = 〈cˆ†µ(k)cˆν(k)〉 is eval-
uated in the ground state |Φs0〉 of Hs. Thus eq.(16) rep-
resents the ficticious Hamiltonian (8) experienced by the
auxiliary fermions. The second term in (15) formally
describes the coupling of the auxiliary system to fluctu-
ations in the original system
H1 = η
∑
k
p∑
µ,ν=1
(
cˆ†µ(k)cˆν(k)−
〈
cˆ†µ(k)cˆν(k)
〉)
aˆ†µ(k)aˆν(k)
(17)
and is responsible for the buildup of entanglement be-
tween the two fermion chains.
B. Topology transfer and induced quantized
particle transport
We now argue that an adiabatic cyclic modulation of
Hs → Hs(t) in time will lead to a topological charge
pump in the auxiliary system. An adiabatic cyclic modu-
lation of the system Hamiltonian Hs → Hs(t) = Hs(t+τ)
in time with period τ implies a corresponding cyclic mod-
ulation of the covariance matrix m(t) and the ficticious
Hamiltonian. As we will show this gives rise to an adi-
abatic transport of Qa particles in the auxiliary system,
and Qa is equal to the total winding number of occupied
bands of the original system, νs, for an attractive cou-
pling η < 0, or the total winding number of unoccupied
bands, ν˜s = −νs, for the case of a repulsive coupling
η > 0:
Qa =
{
+νs, for η < 0
−νs, for η > 0 (18)
To calculate the number of transported particles Qa
in the auxiliary system, we follow the procedure of Niu,
Thouless and Wu [15] and integrate the expectation value
of the total momentum operator of the auxiliary fermions
Pˆa =
∑N
i=1 pˆi in a non-degenerate adiabatic eigenstate|Φ(t)〉 with |Φ(t = 0)〉 = |Φ0〉 of the total system. Since
there is no transport in instantaneous insulating eigen-
states, one has to consider the lowest-order non-adiabatic
correction
|Φ(t)〉 = |Φ0(t)〉+ i
∑
n 6=0
|Φn(t)〉〈Φn(t)|∂tΦ0(t)〉
En(t)− E0(t) . (19)
|Φn(t)〉 are the excited eigenstates with energy En(t).
This gives in lowest order of non-adiabatic corrections
Qa =
1
L
∫ τ
0
dt 〈Φ(t)|Pˆa|Φ(t)〉, (20)
=
1
L
∫ τ
0
dt
∑
n6=0
〈Φ0(t)|Pˆa|Φn(t)〉〈Φn(t)|∂tΦ0(t)〉
En(t)− E0(t) + c.c..
In order to calculate the matrix elements of the momen-
tum operator it is useful to perform a canonical trans-
formation of the Hamiltonian H(α) = e−iαXˆaHeiαXˆa ,
with Xˆa being the position operator of the particles of
the auxiliary system. Making use of Pˆa = −i[Xˆa, H] =
∂αH(α)
∣∣
α=0
one finds
〈Φ0|Pˆa|Φn〉 = 〈Φ0|∂H(α)
∂α
|Φn〉
∣∣∣∣
α=0
= −〈∂αΦ0(α)|Φn(α)〉
(
En(α)− E0(α)
)∣∣∣∣
α=0
. (21)
This gives for the transported charge
Qa = − i
L
∫ τ
0
dt
(〈
∂αΦ0
∣∣∂tΦ0〉− 〈∂tΦ0∣∣∂αΦ0〉)
α=0
.
(22)
Following Ref.[15] Qa is identical to its average over all
values of α between {−pi/L, pi/L} in the thermodynamic
limit L → ∞. Note that α = ±pi/L correspond to the
same situation. This gives an integral of a Berry curva-
ture over a two-dimensional torus
Qa = − i
2pi
∫ τ
0
dt
∫ pi/L
−pi/L
dα
(〈
∂αΦ0
∣∣∂tΦ0〉− 〈∂tΦ0∣∣∂αΦ0〉)
(23)
which must be an integer and is a topological invariant
νa, corresponding to a winding number.
We now show that this winding number is identical
to the topological invariant characterizing all occupied
bands (respectively all unoccupied bands) of the original
system. To this end we assume a weak coupling η where
H1 can be considered as a perturbation to H0. For sim-
plicity we assume in the rest of this subsection η < 0.
All arguments can however straightforwardly be applied
to η > 0.
51. Zeroth order perturbation in H1
In lowest order of H1 the evolution of the system chain
is unaffected by the auxiliary one and the dynamics of the
latter is determined by the mean-field (ficticious) Hamil-
tonian
Hfict(t) = η
∑
k
p∑
µ,ν=1
aˆ†µ(k)mµν(k, t) aˆν(k). (24)
Since the Hamiltonian of the system chain hµν is modu-
lated in time with period τ , the covariance matrix is also
τ -periodic, mµν(k, t+τ) = mµν(k, t). In lowest order per-
turbation there is no buildup of entanglement between
the two subsystems and all eigenstates of the combined
system factorize. In particular one has for the ground
state of the total system
|Φ(0)0 〉 = |Φs0〉 |Φa0〉 (25)
where |Φa0〉 is the ground state of (24). The transported
charge Qa is thus given by eq.(23), with |Φ0〉 replaced by
the ground state |Φa0〉 of Hfict. Since for non-interacting
fermions the covariance matrix has the same eigenfunc-
tions as the single-particle Hamiltonian hµν(k, t) of the
original system, Qa is given in lowest order perturbation
by the winding number of the total Zak phase of the sys-
tem Hamiltonian, i.e.
Q(0)a = νfict =
{
+νs, for η < 0
−νs, for η > 0 (26)
The excited states with energy E
(0)
n,m can be labelled with
two indices n and m corresponding to the system and
auxiliary chain respectively
|Φ(0)n,m〉 = |Φsn〉 |Φam〉. (27)
2. First order perturbation in H1
In first order of H1 the instantaneous ground state of
the combined system reads
|Φ(1)0 〉 =
√
p|Φ(0)0 〉+
√
1− p|Φ˜〉 (28)
where
√
p is the overlap between the exact ground state
of the system and the unperturbed one. The normalized
correction to the state vector reads
|Φ˜〉 =
√
p
1− p
∑
n 6=0
∑
m
|Φ(0)n,m〉〈Φ(0)n,m|H1|Φ(0)0 〉
E
(0)
n,m − E(0)0
(29)
Since H1 ∼
(
cˆ†µcˆν − 〈Φs0|cˆ†µcˆν |Φs0〉
)
, the only states con-
tributing to |Φ˜〉 are those where the system chain is ex-
cited |Φsn>0〉|Φam〉. Thus the denominator is always larger
than the energy gap of the system, i.e. E
(0)
n,m − E(0)0 ≥
∆gap, and the probability 1−p for the exact ground state
to contain components orthogonal to the unperturbed
one scales as
(1− p) ∼
∑
n 6=0
∑
m
〈φ(0)0 |H1|Φ(0)n,m〉〈Φ(0)n,m|H1|Φ(0)0 〉
(E
(0)
n,m − E(0)0 )2
∼ O
(
η2
∆2gap
)
. (30)
Plugging |Φ(1)0 〉 into expression (23) for the transported
charge yields
Q(1)a = −
i
2pi
∫
dt
∫
dα
{〈
∂αΦ
(1)
0
∣∣∂tΦ(1)0 〉− c.c.} (31)
= − i
2pi
∫
dt
∫
dα
{
p
(〈
∂αΦ
(0)
0
∣∣∂tΦ(0)0 〉− c.c.)+
+(1− p)
(
〈∂αΦ˜|∂tΦ˜〉 − c.c.
)
+ (32)
+
√
p(1− p)
(〈
∂αΦ
(0)
0
∣∣∂tΦ˜〉+ 〈∂αΦ˜∣∣∂tΦ(0)0 〉−
−〈∂tΦ˜∣∣∂αΦ(0)0 〉− 〈∂tΦ(0)0 ∣∣∂αΦ˜〉)}.
As can be seen from eq.(31), also Q
(1)
a is an integral of
a Berry curvature over a two-dimensional torus and thus
an integer. Apart from the prefactors p and 1 − p the
same holds for the integrals in the second and third line
of the above expression. Furthermore, as we will show in
the Appendix, the last integral in (32) vanishes exactly.
Thus we can write
Q(1)a = Q
(0)
a + (1− p)Q˜a, (33)
with Q˜a being an integer. As long as η is sufficiently small
compared to the gap of the unperturbed system, ∆gap,
there is no phase transition in the combined system and
thus the winding number of the total system, as well as
the transported charge Q
(1)
a must be the same as in the
limit (1−p)→ 0. The only integer in eq.(33) compatible
with this is Q˜a ≡ 0. Thus also in first order perturbation
one has
Q(1)a = νfict =
{
+νs, for η < 0
−νs, for η > 0 , (34)
i.e. a cyclic adiabatic variation of parameters of the
orginial system Hamiltonian induces a strictly quantized
topological charge transport in the auxiliary system.
C. Example
To illustrate the topology transfer let us consider the
simplest topologically non-trivial model in 1D, the Rice-
Mele model (RMM) [26]. This model, which is sketched
in Fig. 2a, describes lattice fermions in the tight-binding
limit with alternating tunnel couplings t1 and t2 between
neighboring sites and a staggered on-site potential ±∆.
6The unit cell thus contains two sites, labeled A and B.
The Hamiltonian can be written in momentum space as
HRM = (35)
=
∑
k
(
cˆ†A(k)
cˆ†B(k)
)T(
∆ −t1 − t2e−ik
−t1 − t2eik −∆
)(
cˆA(k)
cˆB(k)
)
.
Here cˆA,B(k) denote the fermion annihilation operators
of the A or B sublattice in momentum space. The RMM
has two bands
ε±(k) = ±ε(k) = ±
√
∆2 + t21 + t
2
2 + 2t1t2 cos(k) (36)
and the gap closes only for ∆ = t1−t2 = 0. Except at this
point in parameter space, the RMM has thus an insulat-
ing ground state at half filling. Adiabatically changing
∆ = ∆(t) as well as t1,2 = t1,2(t) in a closed loop encir-
cling the degeneracy point leads to a non-trivial winding
of the Zak phase of the lower (upper) band, νs = +1
(ν˜s = −1), associated with a quantized topological trans-
port of one particle.
We now couple the RMM to an auxiliary chain of oth-
erwise non-interacting fermions at half filling, according
to eq.(14). If we choose, say, a positive value of η, we
expect a quantized transport of particles in the auxil-
iary chain in the opposite direction as in the Rice-Mele
ground state. Figure 2b shows numerical simulations of
the particle transport in the original system and Fig. 2c
correspondingly in the auxiliary chain as function of time
for different values of the coupling η. As expected one
recognizes anti-parallel quantized transport in both sys-
tems. On first glance it is surprising, however, that the
transport in the auxiliary chain remains strictly quan-
tized to one also beyond the perturbative limit of small
η. This can be understood as follows: The Hamiltonian
of the total system, consisting of the RMM and the aux-
iliary chain, can be written in the form
H =
∑
k
(
cˆ†A(k)
cˆ†B(k)
)T(
∆ + ηaˆ†A(k)aˆA(k)
(−t1 − t2e−ik)+ ηaˆ†A(k)aˆB(k)(−t1 − t2eik)+ ηaˆ†B(k)aˆA(k) −∆ + ηaˆ†B(k)aˆB
)(
cˆA(k)
cˆB(k)
)
, (37)
where aˆA,B(k) denote the fermion annihilation operators of the A or B sublattice in the auxiliary system. The total
Hamiltonian conserves the particle number in each subsystem and for every momentum. Thus we can express (37) at
double half filling in the particle-number basis |ncAncBnaAnaB〉k as follows
H =
∑
k
|1001〉|0101〉|1010〉
|0110〉

T
∆ − (t1 + t2e−ik) 0 0
− (t1 + t2eik) −∆ + η η 0
0 η ∆ + η − (t1 + t2e−ik)
0 0 − (t1 + t2eik) −∆

〈1001|〈0101|〈1010|
〈0110|
 . (38)
The 4×4 Hamiltonian has 4 eigenvalues for every lattice
momentum, which can easily be calculated
ε±(k) = ±ε(k) = ±
√
∆2 + t21 + t
2
2 + 2t1t2 cos(k), (39)
ε±(k, η) = η ±
√
ε(k)2 + η2. (40)
The corresponding bands are separated by gaps, which
close for any η 6= 0 only for ∆ = t1 − t2 = 0. There is
no band crossing because for η > 0: ε+(k, η) > ε+(k) >
0 > ε−(k, η) > ε−(k). In the absence of a gap-closing
upon changing η, there is no topological phase transition
and thus the transported charge in both systems remains
quantized to the same value for arbitrary values of η, i.e.
in particular also beyond the perturbative regime. The
many-body gap ∆gap of the full system at double half
filling ranges between |η| and half the gap of the RMM,
∆RMgap , with
∆gap '
{
|η| for |η|  1
∆RMgap
2 for |η|  1.
(41)
Another surprising feature of the simulations in Fig.2b
and c, is, that all curves lie on top of each other. This
is due to the choice of η being positive. In this case the
lowest eigenstate of (38), |φ−〉, does not depend on η:
|φ±〉 ∼ − (∆− ε(k))
2
(t1 + t2eik)2
|1001〉+ ∆± ε(k)
t1 + t2eik
|0101〉
−∆± ε(k)
t1 + t2eik
|1010〉+ |0110〉, (42)
|φη±〉 ∼ −
t1 + t2e
−ik
t1 + t2eik
|1001〉+ ∆± ε±(k, η)
t1 + t2eik
|0101〉
−∆± ε±(k, η)
t1 + t2eik
|1010〉+ |0110〉. (43)
Thus not only the net charge transported in one full cycle
of the Thouless pump is exactly quantized, the transport
is completely independent on η.
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FIG. 2. (a) Rice-Mele model (RMM) with alternating hop-
ping t1, t2 and staggered potential ±∆. Particle transport
in RM chain (a) and auxiliary chain (b) between adjacent
unit cells (∆ninterBA ) and within unit cell (∆n
intra
AB ) as func-
tion of time upon adiabatic change of parameters of RMM.
The curves, which are plotted for η/∆RMgap = 0.1; 1; 10 lie ex-
actly on top of each other. Here ∆RMgap is the minimum gap
along the parameter path of the RMM: ∆(t) = −6 sin(2pi t
τ
),
t1(t) = 2(1 + cos(2pi
t
τ
)), t2(t) = 2(1− cos(2pi tτ )).
D. Comment on the effect of disorder
Until this point we have assumed lattice transla-
tional invariance, which excludes the presence of disorder.
Topological properties are however expected to be robust
against weak perturbations and thus we have to discuss
if the topology transfer survives in the presence of dis-
order. To this end we can modify the discussion in Sec.
III B and add a disorder potential acting on the original
system
H1 → H1 +Hdis. (44)
We can repeat the perturbation arguments given in Sec.
III B and see that as long as Hdis does not lead to a gap
closing, the transported charge in the auxiliary system
remains strictly quantized to the value set by the ficti-
cious Hamiltonian.
IV. IMPLEMENTATION OF TOPOLOGY
TRANSFER
The coupling Hamiltonian (14), which induces the
topology transfer between system and auxiliary chain is
diagonal in momentum space and as such difficult to re-
alize. In the following we will show that it can be approx-
imately implemented by couplings that are short-ranged
in real space and thus can be realized e.g. in experiments
with ultra-cold gases. We will restrict the following dis-
cussion to a system with translational invariance of the
ground state by two lattice sites. Then transforming to
a real-space description via
cˆµ(k) =
1√
L
L∑
j=1
e
2piijk
L cˆj,µ (45)
where the index j ∈ {1, . . . , L} denotes the unit cell and
µ ∈ {A,B} the intra-cell degree of freedom, the ficticious
Hamiltonian (8) can be expressed as
Hfict = η
∑
m,n
∑
µ,ν
(
〈cˆ†m,µcˆn,ν〉aˆ†m,µaˆn,ν + h.a.
)
. (46)
Here we have used the translational invariance of ground-
state correlations. In an insulating state of the original
system, off-diagonal first-order coherences decay expo-
nentially with distance and to good approximation it is
sufficient to consider nearest neighbor correlations. If we
denote the left site of a unit cell with the index µ = A
and the right site by µ = B, the only relevant correlations
are thus
〈cˆ†m,µcˆm,µ〉, 〈cˆ†m,Acˆm,B〉, 〈cˆ†m,Bcˆm+1,A〉, 〈cˆ†m,Acˆm−1,B〉
With this we find
Hfict ≈ 2η
∑
l
〈cˆ†l cˆl〉aˆ†l aˆl (47)
+2η
∑
l
(
〈cˆ†l+1cˆl〉aˆ†l+1aˆl + h.a.
)
,
where we have switched to a a simpler notation for the
spatial indices (m,A)→ l = 2m and (m,B)→ l = 2m+
1. Eq.(47) is the mean-field approximation corresponding
to a coupling Hamiltonian
H˜η = 2η
∑
l
cˆ†l cˆlaˆ
†
l aˆl (48)
+2η
∑
l
(
cˆ†l+1cˆlaˆ
†
l+1aˆl + h.a.
)
,
which describes a local density-density coupling and cor-
related nearest-neighbor hopping.
In Fig. 3a we have shown numerical results for the
adiabatic transport in the auxiliary system coupled to a
RMM chain by the approximate interaction (48) obtained
from exact diagonalization for a system of L = 2 unit cells
(of 2×2 sites). Shown is the time dependence in one cy-
cle of a Thouless pump for repulsive interaction (η > 0)
8and η/∆RMgap = 0.25. One recognizes that the transport
deviates from the expected value of unity. The devia-
tion increases with increasing coupling strength η but
decreases exponentially with system size. This is shown
to hold true even for a very strong coupling η/∆RMgap = 1,
i.e. outside of the perturbative regime, in Fig. 3b.
b)
a)
FIG. 3. (a) Particle transport in auxiliary system for sys-
tem size of L = 2 unit cells, and η/∆RMgap = 0.25 between
sites within a unit cell (blue) and across unit cells (orange),
using the approximate real-space coupling scheme (48). All
other parameter are as in Fig.2. (b) Deviation from quan-
tized transport as function of system size for strong coupling
to auxiliary system η/∆RMgap = 1. Even for this large coupling,
clearly outside the perturbative regime, one recognizes expo-
nential decay with increasing system size L and a quantized
value of the transported charge is approached in the thermo-
dynamic limit.
V. TOPOLOGY TRANSFER FROM
INTERACTING SYSTEMS TO AUXILIARY
FERMIONS
We have seen that a chain of auxiliary fermions cou-
pled to a one-dimensional lattice according to eq.(14) in-
herits the topological properties encoded in the ficticious
Hamiltonian. In particular the transport in the auxiliary
chain upon cyclic adiabatic variations of parameters di-
rectly detects the topological invariant of the ficticious
Hamiltonian.
If the original system is in a gapped ground state of
non-interacting fermions, νfict is identical to the TKNN
invariant. It is near at hand to ask what happens in the
presence of interactions? We will show in the following
that the transfer of topology also applies if the original
system is an interacting system with an insulating man-
body ground state.
In the absence of interactions, gapped ground states
occur only at integer fillings of fermions per unit cell,
which implies integer-valued topological charges. This
changes with interactions. Here gapped ground states
can exist which have fractional fillings and the Lieb-
Schulz-Mattis theorem [36] tells us that they are degen-
erate [28]. We will thus have to discuss the topology
transfer in the case of interactions with and without de-
generacies separately.
A. Non-degenerate ground state
In Sec. III we have shown that if the total system is
prepared in a non-degenerate and gapped ground state
|Φ0〉 = |Φs0〉|Φa0〉 + O(η), the charge transported in the
auxiliary chain is integer quantized and the integer is
given by the winding number νfict of the Zak phase of the
ficticious Hamiltonian. Since the discussion in Sec. III B
made no reference to the system being a non-interacting
one, all results apply equally to interacting particles.
Thus
Qa = νfict. (49)
Eq.(49) gives us the license to interpret the winding
number νfict as topological invariant also for interacting
one-dimensional systems with a non-degenerate, gapped
ground state [29].
It is near at hand to ask, if and what relation exists be-
tween νfict and e.g. the winding number νs of the many-
body Zak phase φMBZak introduced by Niu, Thouless and
Wu (NTW) [15]
φMBZak = i
∫ pi/L
−pi/L
dθ
〈
Φs0(θ)
∣∣∂θΦs0(θ)〉. (50)
Here |Φs0(θ)〉 is the non-degenerate many-body ground
state of the twisted system Hamiltonian Hs(θ) =
e−iθXˆHseiθXˆ , with Xˆ being the total position operator
of all particles, and periodic boundary conditions are as-
sumed. While for the examples we studied, such as the
superlattice Bose Hubbard model in a Mott insulating
state with one boson per unit cell, it appeared that they
are the same, i.e. νfict = νs, a strict proof is not ob-
vious. Furthermore a word of caution should be made:
It is not guaranteed that the ficticious Hamiltonian re-
mains gapped whenever the many-body ground state of
the original system does. The latter holds true for non-
interacting systems but may fail in the presence of inter-
actions.
9B. Ground-state degeneracies and fractional
transport
Let us now discuss the case of a d-fold degenerate
ground state |Φs0,λ〉 of the interacting system, with λ =
(1, 2, . . . , d). Furthermore let us restrict ourselves to
cases where the degeneracy is accompanied by a sponta-
neous breaking of lattice-translational invariance. Then
it is possible to find a basis {|Φs0,λ〉} such that the ap-
plication of the lattice shift operator Tˆ by one unit cell
transforms between the basis states:
|Φ0,λ+1〉 = Tˆ |Φ0,λ〉. (51)
d-fold application of Tˆ returns any eigenstate back to
itself (up to a phase). Real-space correlations 〈cˆ†j cˆl〉 in
any of the degenerate ground states are then only invari-
ant under d successive lattice translations. It is therefore
useful to introduce a new, enlarged unit cell. If the single-
particle Hamiltonian of the system has a unit cell of p lat-
tice sites, the enlarged unit cell consists of p · d sites, and
the new Brillouin zone is correspondingly reduced. The
ficticious Hamiltonian expressed in this reduced Brillouin
zone has thus in general p · d bands
Hfict(t) = η
∑
k
p·d∑
µ,ν=1
aˆ†µ(k)m
λ
µν(k, t) aˆν(k) (52)
where mλµν(k, t) = 〈Φ0,λ(t)|cˆ†µ(k)cˆν(k)|Φ0,λ(t)〉 is the co-
variance matrix of single-particle correlations in the λth
ground state. In general the bands of Hfict will be sepa-
rated by gaps and the ficticious fermion system will have
a non-degenerate gapped ground state when the number
of auxiliary fermions is chosen appropriately.
The coupling Hamiltonian (14) that realizes the fic-
ticious Hamiltonian for the auxiliary chain can also be
rewritten in the reduzed Brillouin zone
Hη = η
∑
k
p·d∑
µ,ν=1
cˆ†µ(k)cˆν(k)aˆ
†
µ(k)aˆν(k). (53)
Due to the degeneracy only a d-fold cycle of the param-
eters of the original system returns the ficticious Hamil-
tonian back to itself. Thus we expect that there is a
quantized transport in the auxiliary system only after
d pump cycles. This property is in full agreement with
the corresponding property of the many-body Zak phase,
eq.(50). As shown by Niu, Thouless and Wu [15], the
topological invariant of an interacting system with a de-
generate many-body ground state is an integral of the
Berry curvature over an enlarged torus, extending the
time integration to dτ
νs =
1
2pi
∫ dτ
0
dt
∫ pi/L
−pi/L
dθ Im 〈∂tΦs0,λ|∂θΦs0,λ〉. (54)
Let us now consider as specific example of a topo-
logical system with degenerate ground states, the one-
dimensional extended superlattice Bose Hubbard model
(ExtSLBHM) [30, 31]. The single-particle part of the
Hamiltonian is identical to the RMM, eq.(35), only in
this case for bosons. In addition there are interactions be-
tween particles at the same lattice site with strength U ,
nearest-neighbor (NN), and next-nearest neighbor cou-
plings (NNN), V1 and V2, respectively, see Fig. 4a.
H = −t1
∑
j,even
aˆ†j aˆj+1 − t2
∑
j,odd
aˆ†j aˆj+1 + c.c.
+∆
∑
j
(−1)j aˆ†j aˆj +
U
2
∑
j
nˆj(nˆj − 1) (55)
+V1
∑
j
nˆj nˆj+1 + V2
∑
j
nˆj nˆj+2
where nˆj = aˆ
†
j aˆj denotes the particle number at lattice
site j. For strong interactions this model has Mott-
insulating phases at fractional fillings, e.g. at average
filling ρs = 1/4 per site. The corresponding ground state
is doubly degenerate and topologically non-trivial. Adi-
abatically varying the staggered potential ∆(t) and the
hoppings t1(t) − t2(t) in a loop enclosing the origin re-
alizes a topological Thouless pump. Since the ground
state is doubly degenerate, a single cycle transfers one
ground state into the other one. Here two cycles are
needed for an integer quantized particle transport, which
reflects the fractional topological charge of this model
[31, 32]. If we prepare the system in one of the two
ground states |Φ0,±〉, with spontaneously broken trans-
lational invariance, the corresponding ficticious hamilto-
nian m±µ,ν has a single-particle gap, and an insulating
many-body ground state exists at average filling of aux-
iliary fermions of ρaux = 1/4 per lattice site.
In order to calculate the particle transport in such a
state from the full Hamiltonian, we use time-evolving
block decimation (TEBD) simulations [33, 34], which are
based on a representation of the many-body wavefunction
in terms of matrix-product states (MPS) [35]. Since MPS
simulations are much more difficult for periodic boundary
conditions, we here choose a finite system of 2× 18 sites
with open boundary conditions. Furthermore we used
the approximate real-space coupling Hamiltonian (48).
The results of our simulations for strong interactions are
shown in Fig. 4b and c, where the particle densities in
the ExtSLBHM (b) and the auxiliary fermion chain (c)
are shown as a function of time during a single cycle
of the Thouless pump. One recognizes that exactly 1/2
particle was transported in both chains, reflecting the
fractional topological charge of the ExtSLBHM. We here
have chosen η < 0 corresponding to an attractive inter-
action between the particles in the two chains. Note that
due to the use of open boundary conditions we cannot
simulate the full period of two pump cycles since then a
particle would be driven into excited states. Due to the
open boundary conditions the ExSLBHM has an occu-
pied edge state at the left end at t = 0, where ∆ = 0,
and an occupied edge state at the right after a single
cycle, i.e. at t = τ . For the chosen parameter, which
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correspond to the atomic limit, the parallel transport in
both chains becomes clearly visible.
a) 
b) 
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FIG. 4. (a) Extended super-lattice Bose Hubbard model with
NN (V1) and NNN (V2) interactions. Particle transport at
quarter filling in the bsoson system (b) and the auxiliary
fermion system (b) for η = 0.1, U = 4000, V1 = 2V2 = 200,
and t1,2(t) = 0.5(1 ± cos(2pit/τ)) and ∆(t) = sin(2pit/τ),
τ = 200.
The time-evolution of the pump can be seen in more
detail in Fig. 5, where we have shown the particle trans-
port in the auxiliary chain across different bonds as func-
tion of time. One recognizes that the net transport aver-
aged over one enlarged unit cell is exactly 0.5 as expected.
VI. OUTLOOK TO FINITE-TEMPERATURE
SYSTEMS
A. Ficticious Hamiltonian of a free-fermion system
at T > 0
It is interesting to note that the discussion in Sec. II B
for free fermions carries over to a finite-temperature state
0 0.2 0.4 0.6 0.8 1
t/
0
0.2
0.4
0.6
0.8
1
 Q
 Q7,8
 Q8,9
 Q9,10
 Q10,11
 Qave
FIG. 5. Particle transport in the auxiliary system across dif-
ferent bonds between adjacent lattice sites as function of time
during a single cycle of the Thouless pump for parameter of
Fig.4. While the net transport through different bonds varies
due to the density-wave structure of the ground state, the
average net transport ∆Qave is exactly 0.5 reflecting the frac-
tional topological charge of the ExSLBHM.
of the original system. As can be seen from eqs.(6) and
(7) the ficticious Hamiltonian remains gapped in thermal
states as long as T <∞, i.e. β > 0. For the eigenvalues
˜fictn (k) in a thermal equilibrium state of (1) holds
˜fictn (k) =
η
2
[
1− tanh
(
β(n(k)− µ)
2
)]
. (56)
If the chemical potential µ is in the middle of a band gap
of Hamiltonian (1) of size ∆, the ficticious Hamiltonian
is also gapped:
∆fictgap = |η| tanh
(
β∆
4
)
. (57)
Increasing the temperature leads to a reduction of the
gap size, which approaches zero only at infinite tempera-
ture (β = 0). Most importantly the Zak phase of the
ficticious Hamiltonian has the same topological wind-
ing as that of the ground state of the original Hamil-
tonian. From this it was concluded in Ref.[14] that non-
interacting fermions at any finite temperature are topo-
logically equivalent to the ground state.
Let us consider again the Rice-Mele model, eq.(35).
One easily calculates the finite-temperature covariance
matrix, which has the following non-vanishing terms
〈cˆ†A(k)cˆA(k)〉 =
1
2
−∆ sinh(βεk)
2εk(1 + cosh(βεk))
,
〈cˆ†B(k)cˆB(k)〉 =
1
2
+ ∆
sinh(βεk)
2εk(1 + cosh(βεk))
,
〈cˆ†A(k)cˆB(k)〉 =
(
t1 + t2e
ik
) sinh(βεk)
2εk(1 + cosh(βεk))
,
〈cˆ†B(k)cˆA(k)〉 =
(
t1 + t2e
−ik) sinh(βεk)
2εk(1 + cosh(βεk))
.
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FIG. 6. Minimum energy of upper band ε˜+ = min
(
˜+0 (k)
)
and
maximum energy of lower band ε˜− = max
(
˜−0 (k)
)
of ficticious
Hamiltonian of a Rice-Mele model at different temperatures
T . Apart from the singular point of the original RMM (∆ =
t1 − t2 = 0), the ficticious Hamiltonian remains gapped for
all temperatures. (Note that for T = 0 the bands are flat
but there is a point singularity at the origin, which cannot be
resolved in the graph.)
This then leads to a ficticious Hamiltonian which, apart
from an uninteresting overall energy shift, is again of the
structure of the RMM with parameters directly related
to those of the original model
t1,2 → t˜1,2(k) = η sinh(βεk)
2εk(1 + cosh(βεk))
t1,2
∆→ ∆˜(k) = η sinh(βεk)
2εk(1 + cosh(βεk))
∆
Its spectral gap is shown for different temperatures in
Fig. 6. One recognizes that except for the singular point
of the original RMM (∆ = t1 − t2 = 0) the ficticious
Hamiltonian remains gapped for all values of T .
B. Topological invariant of ficticious Hamiltonian:
Many-body polarization
We have argued in the previous sections that the topo-
logical properties of the ground state of non-interacting
lattice fermions are mapped to those of the covariance
matrix, respectively the ficticious Hamiltonian, and both
are characterized by the same topological invariant. This
invariant can be detected via a quantized transport in
an auxiliary system using the topology-transfer scheme
discussed in this paper. In the case of an equilibrium
state of the fermion system with non-zero temperature,
or even in a non-equilibrium steady state, the ficticious
Hamiltonian is still well defined and one can ask for its
topological properties encoded in the Zak phase (Wilson
loop) of its lowest band. As was shown in [14] the latter
can in fact be used to generalize the concept of topology
to finite-temperature and non-equilibrium steady states
of non-interacting or Gaussian fermionic systems. It is
interesting to note that the topological invariant of the
ficticious Hamiltonian for any pure or mixed Gaussian
state is identical to the many-body polarization of the
system, introduced by Resta [37, 38]
φfictZak = 2piP ≡ Im ln Tr
{
ρUˆ
}
. (58)
Here Uˆ = e2piiXˆ is the unitary momentum shift operator,
which shifts the lattice momentum of every particle by
one unit. Xˆ = 1L
∑L
j=1
∑p
s=1(j + rs)nˆjs is the center of
mass of all particles in the lattice consisting of L unit
cells, with the lattice constant set to one. nˆjs denotes
the particle number in the sth site (s ∈ {1, 2, . . . p}) of
the jth unit cell and periodic boundary conditions are
considered. 0 ≤ rs ≤ 1 describes the position of the site
within the unit cell.
VII. SUMMARY AND CONCLUSION
In the present paper we have shown that topological
properties encoded in the covariance matrix of single-
particle correlations of a one-dimensional lattice system
can be transferred to a second, auxiliary chain of non-
interacting fermions, weakly coupled to the first. The
coupling is constructed in such a way that the auxiliary
particles experience an effective mean-field Hamiltonian,
called ficticious Hamiltonian, which is given by the co-
variance matrix of the first system. As a consequence
an adiabatic cyclic variation of parameters of the origi-
nal system induces a transport of auxiliary fermions in
an insulating ground state. The charge pump is quan-
tized and the transport is determined by the Zak-phase
winding number of the ficticious Hamiltonian, which is an
integer-valued topological invariant. For non-interacting
fermions in an insulating ground state this number is just
the Thouless-Khomoto-Nightinghale-de Nijs (TKNN) in-
variant corresponding to either all occupied or all unoc-
cupied bands. We illustrated the topology transfer for a
simple topologically nontrivial system of non-interacting
fermions, the Rice-Mele model, coupled to an auxiliary
fermion chain, for which exact solutions for the state evo-
lution can be derived. The coupling between the two
chains, required for the topology transfer, is diagonal in
momentum space and thus difficult to implement. We
showed that it can however be well approximated by an
interaction that contains only local density-density cou-
plings and correlated nearest neighbor hoppings.
In the presence of interactions in the original system,
the transport induced in the auxiliary chain is still quan-
tized and given by the winding number of the ficticious
Hamiltonian, which therefore defines a topological invari-
ant for the interacting system. While without interac-
tions, insulating states require integer fillings of fermions
per unit cell, here gapped ground states can exists with
fractional fillings and degeneracies. In such a case mul-
tiple loops in parameter space are needed for the eigen-
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functions of the ficticious Hamiltonian to return to them-
selves, indicating fractional topological charges. We il-
lustrated this for the example of the extended superlat-
tice Bose-Hubbard (ExtSLBH) model with nearest and
next nearest neighbor interactions coupled to a chain of
non-interacting fermions. The ExtSLBHM possesses a
doubly degenerate Mott-insulating state at quarter fill-
ing of bosons. It has a fractional topological charge of
1/2 since only a two-fold cyclic variation of the single-
particle terms in the Hamiltonian leads to a winding of
the many-body Zak phase by 2pi. Using numerical TEBD
simulations we showed that a coupling of the ExtSLBHM
to a chain of non-interacting fermions induces the same
fractional transport in the auxiliary system. This sug-
gests that the Zak-phase winding of the ficticious Hamil-
tonian is identical to the many-body topological invari-
ant of Niu, Thouless and Wu (NTW). While this is true
in many cases, we could not derive a general relation to
this invariant and such a relation may not exist in gen-
eral. Nevertheless if the winding number of the ficticious
Hamiltonian is non-trivial, it provides an observable in-
variant which allows to classify topological properties of
an interacting system.
The matrix describing the ficticious Hamiltonian of
non-interacting fermions in thermal equilibrium is topo-
logically equivalent to the corresponding matrix of the
ground state. Thus, as sketched in the last section of
the paper, the discussed transfer scheme may also pro-
vide a tool to directly observe topological invariants of
finite-temperature states, such as the ensemble geomet-
ric phase.
APPENDIX
Here we give a proof that the mixed-term contribution
in eq.(32) vanishes. We consider
ε =
i
2pi
∫ τ
0
dt
∫ pi/L
−pi/L
dα
(
〈∂αΦ(0)0 |∂tΦ˜〉 − 〈∂tΦ˜|∂αΦ(0)0 〉+
+〈∂αΦ˜|∂tΦ(0)0 〉 − 〈∂tΦ(0)0 |∂αΦ˜〉
)
Pulling out the derivatives in the bra vectors gives
ε =
i
2pi
∫ τ
0
dt
∫ pi/L
−pi/L
dα
(
∂α〈Φ(0)0 |∂tΦ˜〉 − ∂t〈Φ˜|∂αΦ(0)0 〉+
+∂α〈Φ˜|∂tΦ(0)0 〉 − ∂t〈Φ(0)0 |∂αΦ˜〉
)
=
i
2pi
∫ τ
0
dt
(
〈Φ(0)0 |∂tΦ˜〉+ 〈Φ˜|∂tΦ(0)0 〉
)pi/L
pi/L
+
− i
2pi
∫ pi/L
−pi/L
dα
(
〈Φ˜|∂αΦ(0)0 〉+ 〈Φ(0)0 |∂αΦ˜〉
)τ
0
Making use of the orthogonality of the state vectors
〈Φ(0)0 |Φ˜〉 = 0 one thus finds
ε =
i
2pi
∫ τ
0
dt
(
〈Φ(0)0 |∂tΦ˜〉 − c.c.
)pi/L
−pi/L
+
− i
2pi
∫ pi/L
−pi/L
dα
(
〈Φ˜|∂αΦ(0)0 〉 − c.c.
)τ
0
Since upon a full cycle in either t or α the perturbed
ground state |Φ(1)0 〉 has to return to itself apart from a
phase factor, one has
|Φ(0)0 (α, τ)〉 = eiϑ(α)|Φ(0)0 (α, 0)〉,
|Φ˜(α, τ)〉 = eiϑ(α)|Φ˜(α, 0)〉,
|Φ(0)0 (pi/L, t)〉 = eiλ(t)|Φ(0)0 (−pi/L, t)〉,
|Φ˜(pi/L, t)〉 = eiλ(t)|Φ˜(−pi/L, t)〉.
which yields
〈Φ(0)0 |∂tΦ˜〉
∣∣∣
pi
L
= i
∂λ(t)
∂t
〈Φ(0)0 |Φ˜〉
∣∣∣
pi
L
+ 〈Φ(0)0 |∂tΦ˜〉
∣∣∣
− piL
= 〈Φ(0)0 |∂tΦ˜〉
∣∣∣
− piL
, etc.
where in the second line we have used again the orthog-
onality 〈Φ(0)0 |Φ˜〉 = 0. This finally gives
ε = 0 (59)
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